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1. Geometry and Flow 
a. The Symmetrical J oukowski Airfoil 















. - l. 
. Discussion of Origination of The N-Function 
The use of conformal transformations is a widely recognized 
technique of obtaining airfoil profiles. This technique is demonstrated 
in publications by Kutta., Joukowsld, Von Karman, Trefftz, Von Mises., 
and other authors in.the field of airfoil analysis. 
\ . 
This thesis resulted from an investigation to determine a new 
method for the evaluation of airfoils by means of determining a function, 
the value of which will be a mea,sure of the performance of a particular 
airfoil. 
Such a function must be based on the complex velocity potential 
and the mapping by which the airfoil is obtained from a circle. 
,, This function cannot depend on the total kinetic energy of the flow 
.. ty: ... ,r 
field since the kinetic energy is conserved under conformal transforma-
tion. 
In July 1962, Professor A. de Neufville~ Associate Professor of 
Mechanics~ Lehigh University, discovered that the strain function inte-
" 
\;.c::,.··, grated over the flow field changes with conformal mapping. He developed 
the methods for carrying out such a summation. This s wnmation gives 
an apparently new function of the complex velocity potential., which,. in, 














The purpose of ·this investigation is to determine whether or not 
·the N-Function is related to airfoil properties of interest to engineers. 
The _Strain Function is that part of the dissipation of energy which 




... . . \, 
The N-Function applies to irrotational two-dimensional fl.ow of an 
incompressible fluid. This function can be expressed in terms of the 
complex velocity. The surface integral defining the N-Function can be 
transformed into a line integral b~means of Stokes Theorem. 
If one a.tarts with a con;1plex velocity potential for the flow, with 
circulation, around a stationary circular cylinder with uniform velocity 
at infinity in the t-plane and then maps, ;sing z = z(t), this circular 
cylinder into an airfoil in the z-plane; the N-Function can be evaluated 
as a function oft along some closed cu:rve in the t-plane. 
The N -Function can thus be evaluated for various physical flow 
phenomena. 
2. Airfoils Investigated (See Figure 1) 
Assuming that a relationship exists between the N-Function and the 
pressure distribution around an airfoil, the following airfoils are com-
pared to the NACA 63-010 Basic Thickness Form, the pre·ssure distri-
J 
.bution ~f which is known from NACA Report No. 8241. 








the same thickness ratio as the NACA 63-010 airfoil (lOo/o). 
The second comparison is of a more general type of airfoil with 
the same thickness ratio as the NACA 63-010 airfoil. (lOo/o) 
3. Summary of Results 
f 
In this thesis, the N -Function is developed and eval uate·d in general 
terms for two, different airfoils. Numerical values of the N-Function 
are calculated and compared to the pressure coefficients and pressure 
' -
distributions of these airfoils. It is found that the value of the N -Function 
is related to the pressure distribution around the airfoil, and in turn, to 

























+1 0 / J 
~, 










._ ... - ..... ~ -=---
--~:=. 
- .... .;. -
















20 40 60 80 100 
.. 
Percent of Chord Length, ~ x 100 
C 
.. ~ . 
. . ... . . 
} 
-3 ·----....J--==:::::...1i-==::~~--~ O· 1 2 3 4 96 97 
Percent of Chord Length~ ~ 
C 
98 99 100 




II DEVELOPMENT OF THEN-FUNCTION .... 
" .. i' • 
1. Strain Function For a Fluid 
The Strain Functio·n (W)* for a fl.ui:d· is fhat part of the dissipat_i:on-
of energy that does not depend on the -div.e:rg~.-nce of the flow fi¢1cJ.-: l_:i. 
general: 
-· -
W- - 1 (. 2 2 2 2 2 2 .. 1 . . 2 ref.. 2 





:~ - -a-x ; 
a . 
- . V 
£ Y = ·a: _y-' ; 
11: ·= coefficienf_._qf:" vi:s_ct>:sity.· ,n·• = 2nd c-o~JfiC'le:nt .of viscosity 
Strain Function ::F·or lrr·otational Two-Dime:ns:iorial -Flow- of Incompressible:-Fl_~i_d- ·: .- - - - . - - -- -__ -_ · _- · ---- -_ - .-_ -- \ 
Restricting the ,Strain F'µ-nqtion to :tvto·~ d-irr.1ens_iq:g~.l-- f.tow.:,- Equa±l<Jh 
(1):: h:epomes: 
1 - :2 ,,• -2_.+·_ ·2y.2: l 2 W = n n ( -£ +-~ - )·-+-· ·-• nt ( t ____ + e: ) ~ x . --Y- ·x-y - 4- - ._x ~ 
·For an incompressible- ·1iµicl c:, 
D . - au+ :av O 
_ lV q = --_: - =· .:'-
-ax_. a y 
w-lJ.~_re-: q = velocity vec:tqr.,_: 
au av Then, - - -
. ax ay 
_*The Strain" Function Js al.so--t.ermed the dissip~-fio,n~furtc.t1ori' b:¥ .so-rn~: 
authors. 
·• 




:F':o:r aJl:' i..rrotat ional fluid: 
av_ au=O 




Substituting Equations (4) and (5) into .Equation C3) yield·s:: 
W = Tl [ca U)2 + ca U)2 J 
ax . a y · . 
3. Strain Function as a Fµnctioµ .of The Complex Veloc·ity· -~qteritia.:l 
If w = w(z) is a holon1:cirpW.·c: Junction of the:. comple'x: -varia.ple. z·., . 
. h th t dw · · ·· ·· 
·sue · . a dz = - u +iv,. Where u and: y :a:r~ the. vel()"CiitY· :,c!o1n:p.on.e.nts;: Jp: 




.... d w _ 1 a ( dw) i a .dw 
dz2 - 2 a X dz - 2 o.y· {:dz) 
av 
- -ay 
~ l (au_} v)-_i(au _ i-~) 
2 :«l:~- _a x 2 ay ay.·· 
au 
- . OX I a Y -
3 u for a holomorphic functiJ)U. 
ax a y 





au . au 
--1-
a x a y 




But from Equation (6), we see that, using Equation (8), W can be 
written as: 
a2w d2 W W=-
dz2 dz2. 
where n has been set equal to one. 
4. Definition of the N-Function 
The N-Function, N 1 is defined as: 
d2w a2w 
N = f(s) WdS = f (s) dz2 az2 as 
.5. Transformation of The N-Function 
.. • . 
Consider Stokes Theorem3 in the form: 
a f i 
!( ) - dS = - -s az 2 J( c ') f (z, Z)dz 






."'; p. ~·: 
. r, ' 
. · -·-- -···--···-·~· ·····-- ,,, ... ,~ .. -.~-,, ............................... ., .. ,.,.,_ ...... ..--... --.-. .. ---~ ......... _, . ..,.~-·---------··---··-----. 
\ 
Where the sense of. de'scription is considered positive if the contour J.$ 
j!.' 
described so as to leave the area regarded as bounded by it on the l.eft.,. 
however we are considering the area bounded by the contour on the 
. . 
right., which introduces a change in sign. 
i dW d2w 
TJierefore, N = 2 'cc) dz _ dz2 dz 
dw d2 
- w + Oas z + 00 dz dz2 
where c is sitnply the path tracing the curve c' in the qp11q·s·ite ·d'irec.tlon, . 
.. • ~·' 
6. The Integration Around The Closed Curve c 
a. By Lin~ Integration 
The integral in Equation (11) may be evaluated as a line inte-

























That is, the path "c" consists of: 
1) The straight line AB along the real axis from - CD to the· 
intersection of the real axis with the circle BCD, 
The circle BCD from 9 = - ff to 9 = + ff • 2) 
3) The. straight line DE along the real axis from the intersec-
tion of the real axis with the circle to - OD . • 
4) The circle at· infinity 9 = n. to 9 = - 1r • 
This is to say: 
N = .!_ / f(t)dt = ! 2 (c) 2 
B· D E A 
I A f(t)dt + / B f(t)dt + ID f(t)dt +IE f(t)dt 
-
·t-
For .,the case Where the integral s along the branch cuts do not 
contribute to the va1ue of the integral over c, the theory of residues 
may be used, 
\ 
We have fo~ th~ integral in Equation (11): 
N i / dw d2wd i 2 . f ~-~d- . hin th = - (c) di d 2 t 7.2 x n.1 x; sum o _res1 ues wit e 2 z curve c, 
That is, 
N = - ff t :residues w1thin the curve c. 
7. Application of Conformal Mapping to The N-Function 
Consider, z == z (t) 
• 1:-..: 
w = w (t) 















































·dw d2w dz dw a2z 
-d dt 
-
- -dt dz 





. i dW d2w i df9 N = -2 r - dz = - l 
d2w dz dw 
dt2 dt\- d t 
"C dz dz2 2 c 
or, rearranging terms 

















III. EVALUATION OF THEN-FUNCTION FOR 
VARIOUS PHYSICAL FLOW PHENOMENA 
1. Flow Around a Circular Cylinder with Circulation 
Generating circle: 
t = aeiQ . 
f = ae-i9 = ~ 
t 
Complex potential: 
a real, - 1r < 8 < + ff 
w(t) = V [ ei°t + 2ia sin a log (!.) + e-ia ~ ]: 
a t 
Differentiatifig Equation (16) and its conjungate: 
dw = V 
dt 
dW = V 
dt 
ei a + 2i sin a ~ - e -ia ~ J 
- t t2 
e·ia 2·; a ia a2J 
- 1 sm ~f - e t? 
d 2w f 1 • a · a2 J 
-- =v -21 sin a - + 2el a -
dt2 t2 t3 
Taking the differential of t in Equation ( 15):;:.-



















~.. . - ·r-
N - !. / dW d2w dt =!. /Trv2 [e-ia -2i sin a! - e~0 ~ J x 
- 2 (c) dt d t2 2 -n . t i 
. -
Carrying out the multiplication and c-ombining terms, 
+1t 














z=t+b+a.+ p· __ 
·- t·+.-a-:b 
·Co.mplex potential: 
· w(t) = V [ ei a t + 2ia 
N - Function: 
-N·· - i __ 
- -
.. 2 
I dw [ d2w 



















Differentiating Equation (21) and its conjungate, 
dw _ Ve
10 [ J· [ -2ia] d t - t 2 t :+ .a t - ae 
d~ = -Veia [t + a] [t -ae-2ia ].., 
dt a2 · 
V 
... 21a sin a [ . _·. • .. _ . . J 
3 V t ·+: a. (1 +icot + a) = t . 
-2ia sin a 
t2 
Differentiating Equation (20) and its conjungate, 
dz ·. , b2 
dt = 1 - (t + a - b)2 
d2z . 2b 2 
clt-2. = ·,{t + a - b)3 






Observe that the integral involved in Equation ( 14) for the value 
~ 
·of the N-Function can be evaluated in two separate parts. 
That is: d2z 
ci2w -











:: .. ~ d2w cit ~ dt _ dW dw dt2 ~ ~ dt 
1c) df dt2 _ dz az 1(c) df dt dz dz crz · 
-dt 
·-
= /(c) (I) dt - 'cc) (II) dt :t2:aJ 
Where: 
d2w -dw. dt dt 
.. 
.. ~ ....... ; (I) - - -
- dt dt2 dz dz 
and, ·(.2··.9). 
d2z 
(II) = dw -dw dt2 dt dt 
- -
·- dt dz ·dz dz dt 
-
(30) 
dt ----=: ""' 
Hence, N may be written as: i-
N = 1 [ '(c) (I)dt - /(c) (II)dt J (31) 
Substituting Equations (22) through (27) into Equations (29) and (30)., 
we have,· after a great deal of combination and simplification: 
(I) = dW d2w E_! ~ = 
dt dt2 dz dz 
= v2 · . · a .( ·1 + · - i a · a ) 






2(8.-b)(3b-a) t3- '2(3a5-12a4b+1sa3b2-1oa2b3+5ab4-2b5) t2 
(2b-a)2 a2(2b-a)2 
+ 2(a-b) (3a2-3ab+2b2) 2a2(a-b)2 
(2b-a) t + (2b-a) 
2(a-b)
2 
+ ----------------=--~~-~, ·;..;..;.;.: __ -:-+_ --~----
a2(2b-a) t [ t+a] [ t+a-2b j [ t - ::-al 
:.11 14 
'' 
' \ ,;.... 
,., 





(II) dw dw dt2 dt ·at - . -··· - -
- -dt dt dz dz dz· 
-dt 
= v2 X 
2b2(a-b)2 t3 + 2b2(3a2-2ab+b2)(a-b) t2 + 2b2(3a2-4ab+2b2) t+ 2~b2(a-b) 
a 3(2b-a) a3(2b-a) a(2b-a) (2b-a) 
[ t+a] [ t+a-2b] 2 [t- a 2 J 
2b-a 
:d. Partia1 Fraction Expansion of (I) and (II) 
Consider the partial fraction expansion of (I). above. From 
·Equation (32): 
(I) = dw d2w -dt dt 
-
dt dt2 dz dz 
..;.· .. v2 .. ia a(1+ie-iasina)_ a2e- 2h 
-1 sin a e + t t 2 X 
2(a-b) 2 
a2(2b-a) 
A1 A2 A3 A4 ) 
+ + + + ~ 
[t] [t+a] (t+a-2b] [t- a2 J ( 
2b-a ) 
·-~' . 44v 
Using partial fraction expansion techniques on Equation :f3'-2"l· 
and s·olving for A 1; A 2, A 3 , and A4 in Equation {34)":, it can. be sh.o·wn 
that: 
2(s.-b) 2 












. , i· 
1: ' ( 
---· --- ·- ···-·-···-- --------~·-··---·--·--·---·-·,·····---.. --.-· .. ---... ---·---~------·-····-.. ·-·····-····-·-·- ·- .. ·····--- ... - -
A =--b2_(_3a_-_2b_)2 __ 
3 4a2(a-b)(2b-a) 
A4 = b2(3a.~2b)2 
4a(a-b)(2b-a).2 
.. 
- _. __ __._ . ._ .. 
Using the above values of Ai~ Equation (34) becomes: 
J/ 
• 
(I) V 2 [ . i 1·a a(l+ie- 1asina) = •1 s n a e + -t 
} 2(a-t>)2 + 2(a-b)2 1 _ b2 1 l a2(2b-a) a(2b-a) [t] 2a2 [t+a] 
b2(3a-2b)2 1 b2(3a-2b)2 
- + 4a2(a-b)(2b-a) [t+a-2b] 4a(a-b)(2b-a)2 
Similarly, from Equation (33): 
d2z 
-dw dw. dt2 ~ Si =: 
(II) = d t d t dz dz dz 
-dt 
1 
[ t- a2 J 2b-a 
[
. 2ia 2a a2e-2ia J B1 B2 B3 
= v2 e - - + + + 2 




[ 2 J 2b-a (36) 
Using partial fraction expansion techniques on Equation (33) and 
solving for B1, 132, B3, and B4 in Equation (36), it can be shown that: 
b2 
B1 = · 2 
4a 

















Using the above values of Bi, Equation (36) becomes: 
(II) = y2 [ e2ia - ¥- + a2:;2ia ] x 
b2 1 33a3b2-76a2b3+60ab4-16b
5 




 1 __ + b2(3a-2b) 
4a3(a-b) [ t+a-2b] 2 16(a-b)2(2b-a) 




[ t a2] 
- 2b-a 
Consider now the general partial fraction expansions of terms 
1 
invoiving [ t ] n [ t+c ]n 
1 1 1 .l 
m [t+c] = C [ t] - c· It+c:l -(~f8:). 
1 1 -.l 1 1 
[t]2 [t+cJ= ~2[tJ + ::.~22_ + c2 ( t+c] (39) 
1 1. 1 1 
----[t] tt+cJ 2 = c2[t] - c2 [t+c] - C [t+c·] 2 (40) 
1 2 :1 2 1 
.[-:_·t_}_2,-t-t+_c_J_2 = - c3 [ttc2[t]2+ c 3 (t+c] + c2[t+c] 2 (41) 
_,..... __ 
.... ______ _ 
:Not:.e: Terms underlined (- - - -) in Equations (38) through (41) 





f. Calculation of Residues 
Using Equ~tions (38) and (4lli the further expansions, of 
Equations (35) and (37) can be· written directly. 
Carrying out multiplication and elimin.ating terms which do 
·not contribute to the residues, Equation (35) becomes: 
(I). _ v2· . 1· a f 2{a-b)2 b2 b2pa-2b)2 
- 1 sm a e )- + + · 




_ b2 + b2 + b2(3a-2b)2 
2a2[t] 2a2[t+a] 4a(a-b)(2b-a)2 [tJ 
·+ v2e-2ia 
- . 
b2(3a-2b)2 _ b2(3a-2b)2 
4a(a-b)(2b-a)2 [ t+a-2b] 4a2(a-b)(2b-a) [ t] 
+ 4a2(a-b)(2b-a) [ t - a2 J 
2b-a 
b2 .. + b2 
.. 2a2 [t] 2a2 [t+a] 
_ b2(3a-2b)2 
4(a-b)(2b-a)3 [ t] 
b2(3a-2b)2 .., _______ _ 
4(a-b)(2b-a)3 [t+a-2b] 
b2(3a-2b)2 
- 4a3(a-b) [t - a2 J 
. · 2b-a 
·1·. ··a·· , .. 
+ b2(3a-2b)2 






Similarly, Equation (37) becomes: 




4 a 2 [t+a] 16a3(a-b)2 [t+a-2b] 
+ · b2(3a-2b) 
16(a-b)2(2b-a)[t - a2 ] 
2b-a 
~ 
b2 b2 33a3b2-76a2b3+60ab4-16b5 
+ y2 + -
2a 2 tt] 2a2 [t+a] aa2(a-b)2(2b-a) [t] 
+ 33a3b2-76a2b3+60ab4-16b5 + b3(3a-2b)2 





+ _b_2(_3 a_-_2_b_) _ 
8a(a-b)2 [t] 8a(a-b)2 [t- a2 J 
2b-a 
· .. v2 -2ia + · .. e b2 b2· 33a3b2-76a2b3+60ab4-1sb5 
- --- + + ----------
4a2 [t] 4a2 [t+a) · 16a(a-b)2(2b-a)2 [t] 
.. 33a3b2-76a2b3+60ab4-16b5 _ b3(3a-2b)2 
l6a(a-b)2(2b-a)2 [t+a-2b] 2a(a-b)(2b-a)3 [t] 
·+ b3(3a-2b)2 
2a(a-b)(2b-a) 3 [t+a-·2b] 
+ b2(3a-2b)(2b-a) 
















Recalling Equation ( 12): 
N = - 1r x sum of residues within the curve c, we see that N can 
be evaluated by consideration of the residues of (I) and (II). That is: 
d2z 
-
• I _ciw ct2w dw dt2 1 
.N =2 (c) df dt2 dt dz 
~ ~ dt = .!_ 1c) (l)dt- /(c) (II)dt 
dz dz 2 
-dt 
= 1,(c) [ (1)-(11)] dt · 
But, 
1cc) [ (1)-(Ii)] dt = 2 1r i I residues [ (1)-(11)] ., 
Hence, 
N = - 1r · i: residues [ (1)-(11)] 
In eval11ating the residues· in Equation (44), only the residues at 
poles interior to the curve "c" are taken into consideration. Hence, 
the residues at the pole t = :
2 
do not contribute to the integral in 
2 -a 
·Equation ( 31). 
Residues at t = -a 
. l:.J 
Rn { I residues [ (I)t = -a - (II)t = -al}= 0 
Im { I residues [ (l)t = -a - (ll)t = -a ] } = O 
Hence, t residues [ (l)t = -a - (II)t = -a ] = 0 
(44) 
Residues at t = 0 and t = 2b-a = I: residues ({I) t = o - (ll)t = 0 j 
t = 2b-a t = 2b-a 
Im I I residueA [ (l)t = 0 - (II)t = 0 ] l = O 
t = 2b-a t = 2b-a ~ 
20 
-~ ... , 
-
' - --- ......... ,
. .... ._J~~---·~-·------~·----···---· ...... -·····-··-·--······-----------~-~~---·-·-···--., .. -----·-------· . .,......
 ......... ,_...._....._._~ ....... ., ...... _ - ..... 
. 
. _, •• .A., .. ··--
Rn \ r residues [ (I)t = 0 - (Il)t = 0 J f = 
t = 2b-a t = 2b-a 
= [-,ab3+15
3
ab2-aa3 J [ 4 v2 + · -16a.5+32a4b-47a 3b2+7oa2b3-56ab 
.. 4a 
+ lGb5] V2sin2a 
4a3(a-b)2 
g. Evaluation of the N-Function 
From Equation (44), we have: 
N =-1r t :residues [ (I)-(II)] 
::: "' 1r l: residues [ (I)t = -a - (II\ = -a J 
t = 0 t = 0 
t = 2b-a t ·= 2b-a 
Hence; 
· 2 3 . 2 15b + b + . 2a [ 2 + 31 b 1 - - sin --
8a2 a3 8 a2 N = 2 1' V2 
b3(2b-a) b4 J 
+ a 3 (a-b) + 8a2(a-b)2 
(45) 
(46) 
We see from Equation (46) that for b = a (the flat airfoil) the 
value of the N - Function blows up, This is to be expected since in
 this 
case the velocity of the fluid at the~eading edge of the airfoil goes
 ·to 
infinity. 
3. The Airfoil Skeleton 
A general mapping function for an airfoil is: 
' z = t 1 + f ] \t+a+ :.!. + ~ + .... ] 
t t2 . 



























-·•-·--·-· --~···--~• ····-·--·~•~•ho.-,,,,_ ,......., .. ,.. .... .,...,.~~~--...._,~.,,_:t.11.,,,,,....,.,i.,flC'-•VI.IN,i~Ud'\l,'t,lllJll'-l~-,-.n..~•.._._,,,_,,_ . ._,...__, •• .-.. ,.,-..--.."---'-- , · -
:-,,. 
. ,. 





- ... ~ ._,._ 
For the case where the complex coefficients in the above expres-
sion are equal to zero, we have the Airfoil Skeleton. 
a. General 
Generating cycle:. 
t = a.ei9 
~ ..... 
- . a2 t =-
t 
Mapping function: 




a real, - 1r < 9 < + n 
\ 
\ 
[ i · t . ·a2e--ia J w(t) = V eat+ 2ia sinll loga+ -t--
N -Function: 
d2z 
N = !_ / dw [ ct2w _ ~ d t2 J __ d.· ·_t. ~-:,.t_ ·dt 

























Differentiating .Equation (47) and its conjungate: 
[ k-1 
~= 1+~) dt t ' [t+~(l-k}J I .', (48) 








c.. CalcUlating Te'tµis 
Combining Equations (22) through (24) and Equations (48) 
through (50), in orcier to calculate the terms involved in Nin Equation 
4 i" ... • 
(14), we obtain: 
dw dw = v2 [' t+a)2 [-e2ia+ 2 !' .. e-2ia !:. ] 
at at a2 t t2 (51) 
d2z 
2 a2k(k-l) dt =---------------
t tt+a] [t-(k-l)a] (53) dz 
-dt 
· k-1 
dt dt at . J at dz di= - (t+a)2 [t(k-1)-a] [t-a(k-1)] (54) 




w ~·dw aw ~:2 J ~ ~ = 
dr dt2 d·r- d ..:r= L ~ d t dt Z UZ 
:i ' 
._ .... 













= t3-k [ t+a] 2k-3 [ t-(k- l)a] 2 [ t(k-1)-a] x 
{<2-k)a [t-a) [ (k+l)t-(k-l)a] 
+ 2 [ t3+(k2-2k+2)at2+(3-k)a2t-(k-1)(2-k)a3] sin2 a 
. 
- [t+a] [t2-(1+2k-k2)at+(k-1)(2-k)a2] isin2a} 
. j 
Equation (55) is then the term under the integral sign in Equation ( 14) 
for the determination of N. 
d. The Integration, using the line integration tecl]nique from 
II. 6. a 
.·-F:rom Equation (14) and using Equation (55), we have: 
d2z 
- 2 --. 
_ d: dw dt J A_-t_~_- dt = 
dt dt ~ dz~-
dt 
N = i J . [ dw d2w 
.. ·· (c) dt dt2 
1. / v2c 2-k)ak [t-a] [(k+ 1 )t-(k-1,)a] 
= 2 (c) t3-k[t+a]2k-3 [t-(k-l)a] 2 [(k-l)t-a] dt 
., . 
(5:5) 
i 2v2 a-k-l [t3+(k2-2k+2)at2+(3-k)a2t-(k-1)(2-k)a3J sJn:~:_cx . 
+2lcc)t3-k[t+a]2k-3 [t-(k-1)a]2 [(k-l)t-a] ...... · .dt 
i v2 ak-1 [t2-(1+2k-k2)at+(k-1)(2-k)a2 Ji sin2a dt 
~2 ~c) t3-k[t+a]2k-4 [t-(k-1)a]2 [t(k-1)-a] 
(5 6) 
That is·, 
N = I + it+ ttt 
where I, II, and 1II are the integrals ab:ove.--~ 
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(1) the Absolute Term~ I 




 / X 





[t-(k-l)a] 2 [ (k- l)t-a] 
• 1T • -a 
. -oo 
1 1 · 
.1 ·. d··.- .. 
= - J - - - dt + - f - - -. dt + -~- I . ---- -·. t 2 - 1r 2 ..;. °" · ·· 2: .. a 




~ ·. . 
(li) The Integral around the circl~:- (t = ae
18), l(a) 
/ '·)·· .. _.· .. .on.th
e circi@: 
t = ae19, - 1r < 9 < + 1r 
at = i a ei9 d9 ,· dt = i d 9: t 
i .,,V2(2-k) [ei9_1] [lk+1)ei9_(k-1)] iei
9dQ 
I -- / ---(a)- 2 -1r ei(3-k)Q [ei9+i12k-·3:- [eiQ_(k-1)
]2 [(k-l)ei9_1l (59) 
Mtiltiplying numerator and denom
inator by [ e-iQ_(k-1)] 2 x 
[(k-1)e-i9_1] to remove the imaginary par
t in the denominator and 
simplifying, we have: 
1 = i 1r V
2idQ ((k+l)e2i9_2kei9+(k-1)] 









X [k2-2k+2-2(k- l)cos Q] 3 
, 
. ' . 
. '···-··,.•-·-·"-·----•~•~ __ _,_,..,-....... --,""""""'"--"'Mi1'--,t---,.------v------•-·--------·-···-------. .--.,......,,__.. ..... -~-..-........-. ....... 4_•_Wc _ _... _________ ~ .. ~-·-"----•-•-··••-·.-· ....... ; l 
-ii. 
• 
· Expanding, .using e1S = cos s + i sin B, etc; collecting cosine 
terms, since only the cosine terms will effect the value of this integral; 
substituting t = t; alld expanding cosine terms iri 'a power series, we 
have: 
64(k-1) 2cos6 t-16(k-1)(2k2+5k-4)cos4 t 
y224-2k [·COS "']4-2k +4k(k3+9k2-4k-4)cos2t-4k3(k+l) idt I =i ,n ___________ T ________________ ~~--------------
. (a) ~ [k2-2k+2-2(k-l)cost]3 
Dividing numerator ·and denominator by [k2-2k+2(k-l)cos t]and simpli-
fying, 
• ,r -V224-2k[cos~]4-2k 4(k-l)'(k2-5k+4)cos2t -(k4-4k3+4k) 
I(a) = 1 / 0 'If 1 + . id t k-1 [k2-4(k-l)cos2t]2 
Expanding in partial fractions, 
... 
Making the substitution, 
5 4 
- -1- 2 
1+ k k 
[






[1 - 4<:; l) cos2t J 2 
d t 
cos2t = t, sint ~ ,·1- t , d t = 2 ftO-t) 
id t 
' . 3 1 
·:'. .. · .. _ v2< 2-k) 23-2k,r1 :2"-k -- [l+(~· _1_ .i_) 0 _ 4(k-1) t)-1 I(a) - k-1 o T (1-t ) 2 . k k2 k2 
_ ( 2 - k) 2 (1 _ 4( k - 1) t ) - 2 

















The integral in Equation (60) _may then be evaluated using Gamma-
. . 
functions and hypergeometric functions. The integrals are given by: 
1 t-(x) t (y) Ref. 5 / ,.x-1 ( 1- t )Y- 1 d t = 
o ,, f (x + y) 
[ Rn (x) >0, Rn (y)> 0] 
where , (x), etc. are Gamma functions and: 
/ 1 t b-1 (i .:.t ) C - b-1 (1- t z )- a d t = 
0 
= t (b) t (c-b) F (a b; c; z) Ref. 6 
\" (c) ' 
[ Rn (c)> Rn ( b) >O] 
(.61-) 
(62} 
where F (a, b; c; z) is the hypergeometric function, which is defined by 
the hypergeometric series: 
F ( b·n-_.. • - .) = 1· + ~ ~ + a(a+l)b(b+l) 




Evaluating the integral in Equation (60) using the Gamma and hypergeo-
-
metric''functions given in Equations (61) through (63) 1 we obtain: 
v2<2-.k)2 3 - 2k , (2. 5-k), (o. s> 
1( a) = k - 1 f ( 3 - k) 
4(k-1) 
1 + F(l, 2. 5-k;3-k; 2 ) k 
- (2-k)2 F(2. 2 5-k- 3-k· 4(k•i))~ k3 ' ...... ~ , k2 
where F(a1 b~ c; z) are hypergeometric functions. 
Now F(aj b; c; z) is convergent on the entire unit _circle except for 
--~- = 1 provided 1 > Rn (a + b = c) ~ 0. 
'CJ 
'·*'·· 
----·- --- -----.. ~--~-·. ····" ·- -
·" 
However, z in the above hyper geometric functions approaches 1 
for the values of k under consideration. Thus, these series do not 
converge rapidly. A case in point is illustrated by t fact that F(a, 
b; c; z) for z = 4(k-l) (fork= 1. 882) was coniput d using the computer 
k2 
facilities at Lehigh University and it was found that this particular 
.I.· 
series did not converge even after 186 terms. Therefore, it is neces-
sary to transform these functions into more rapidly converging series. 
Using the transformation formula, 
\" (c), (c-a-b) . 
F(a. b;c;z) = , (c-a), (c-b) F (a, b; a+b-c+l; 1-z) 
Ref. 7 
cab t(c) ,(a+b-c) ·· .. -
+ ( 1-z) - - \ (a) \ (b) F(c-a, c-b;qdi.-1:>+1; 1-z) 
(64) 
:a.n.d,:tl1e fact that: 
F ( - n, 8 ; B ; - x) ·= ( 1 + x) n (-65) 
·t#:e. c-a·n convert the hypergeometric. f\l.nctjon.s in tq.e above equation to ·rrfo:re 
r.apidly convetging functions. 
Using Equations ( 6 3) and ( 6 4), we obtain: 
y2 
I =----(a) (k-i) 22k-3 
L.• -·,-· ',, 
( 2 - k) , ( 2. 5 - k) , ( 0. 5) [ l 
· ' (3-k) ~: 
( ~ -1- 4 ) ( . ·. 2- k 2) 
- 2(2-k) k k2 F 1, 2. 5-k;L 5;( 1~ ) 
. 4. 
+i (k-1)(2-k)3 F(2 2 5-k'2 5•(2-k)2)] 3. · 3 I• J.• J k 1 k ' ' 
(continued next page) 
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11'[' . 5 4· + - 2k(-k -1- -) 2 k2 
k 2 . 2"-k· 
(4(k-1)) 
2-k2 J 
- F(l-k, 0. 5; -0. 5; ( k-) ) 
(b) The Integral along the branch cut from - ao to -a, I(b) 
• 
- oo < t = _ae_-_11T_ < -a I 0 < T < 1 
t 
i -a v2(2-k)ak [t-a] [(k+l)t-(k-l)a] dt 
I(b) = 2 £ co 





- • 1J 
. dt = -ae 1 d t 
, . T2 
and combining terms, we obtain: 
i 1 
I(b) = 2 10 -V2(2-k)T k-
1p- T)3-2k [cos1rk+i sin1rk] 
,. X 
(k+1)+2kT+(k-1) .(2 d T 
[l+(k-l)t] 2_ [k-1+ T] 
·· (c) The Integral ~long the branch cut from -a to - • , I(c) 
• 1n 
__ . ··_.·> ·t· = _ae_ 
·-- a . 
T 
> - ao 
i -co v2(2-k)ak[t-a] [(k+l)t-(k-l)a] dt 1(c) = 2 1-a 
t3-k [t+a] 2k-3 [t-(k-l)a] 2 [(k- l)t-a] 
Substituting: 
t = aeh 
T 
in 
; dt = -ae d t 
T2 
-and combining terms, we obtain: 
\ 










' • • I 
') , I 
-
I , ' 
X (k+1)+2kt +(k-1) r2 d T 
[1+(k-l)t]2 [(k-l)+t] 
(d) The Integral along both branch cuts, I(b) + I(c) 
I 
I • 
Combining l(b) and' l(~) we· have: 
... ,;-,,, .. 
l(b)+I(c) = -iV2(2-k)i sin kn /~ /-1(1-r)3-2k 
(--
(k+1)+2k t+(k-l)t 2 X 
[l+(k-1) T] 2 [(k-1) + T] 
Expanding by partial fractions ·and putting Equation (69) into the form 
for evaluation by Gamma and hypergeometric functions, we have: 
-(2k-3)[1-(l-k) T J-l 
(68) 
(69) 
+k(2-k) [ 1-(1-k) T J- 2 d T (70) 
Evaluating Eqtiation (70) using Equation (61), we obtain: 
I )+I( ) c V2sitt k 1r t {k) f {4-2k) 
(b C k ~ (4-k) 
.,._, 
3-k 1 
-l F(l, k;4-k; l-k) 
-(2k-3)F(l, k;4-k;l-k) 
+k{2-k)F(2, k; 4-k; 1-~) 
Again, converting to a more rapidly converting series using: 
..... 
a · z ·, Ref. 7 
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J 




- , ( k) t ( 1-k) 
t ( 4-2 k) [ ( 3 - k) F ( 1, 4- 2 k; 4-k; ~ ) 
~ ( 1 - k) ~ ( 4 - k) 
I 
-(2k-3)F(l 4-2k·4-k· 1-!) 
- , , , . k 
+(2-k)F(2, 4-2k;4-k; 1- ~) J 
'\ 
The integral a:rourtc;l the circle at infinity does not contribute to the 
value of the N -Function. 
(e) The Total Integration:,of the absolute term 
Hence, for the absolute term, the N-Function can be 
_____,. 
,, ' 
evaluated by Gamma-functions and hypergeometric series. That is, 
from Equation (58), for the absolute term: 
N = i /. V2(2-k)ak [t+a) [(k+l)t-(k-l)a] 
(absolute 2 (c) t3-k[t+a] 2k-3 [t-(k-l)a] 2 [(k-l)t-a] dt 
term) 
( 71) 
where I(a)• and l(b) + l(c) are obtained from Equations (66) and (71) 
above in terms of the Gamma functions and the hypergeometric series. 
·:.1 
~: ·"'· .. 
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... 
• f,, 
(2) The sin2a term, II 




N ·2 =Il=-(s1n a 2 
term) 
On the circle, 
[ t3+(k2- 2k+2)at2+( 3-k)a2t-(k-1)(2-k)a3] sin2a 
X \ · dt 
[ t-(k- l)a] 2 [ (k- l)t-a] 
i 1r • -a i -m . 
= _ I - - - dt + :.. ! - - - dt + _ / - - -dt 2 -ff 2 - GD 2 - Q 
(a) The Integral around the circle (t=aei9), II(a) 
2v2 ak-1 
t3-k (t+a] 2k-3 
[t3+(k2-2k+2)at2+(3-k)a2t-(k-1)(2-k)a3] sin2a 
X dt 
[ t - ( k-1 ) a ] 2 [ ( k- 1 )t-a] 
t = aeiQ , .... n < 8 " + 1r 
" dt = iaei9 dQ , f = id8 
(72) 
By making the above substitutions and car~ying out a procedure similar 
to that used in sectlon Ill. 3. d(2)(a), we have for II(a) in terms of t; 
wher~ t = ~: 
2 


























• ..r: .. .,:. 
... 
.. . .. 
-"":a. •" ' ., .,. '~ ;J 1~ ' • ' ~--. 
1r v2 sin2 a 24-2k[cos t]4-2k (2-k) 




. + 4(k-1)2(k-2)cos2 t-k(k3-2k2+2) d 41 
[k2-4(k-l)cos~] 2 
. ' 
Expanding in partial fractions: 
II(a) = ri y2 sin2a 25-2k [cost] 4-2k (2-k) 1 
k-1 
-
Again making the substitutions: 
[k2-4(k- l)cos2t] 
k3-2k2+2k 
(k2-4(k- l)cos2t] 2 
dt 
cos2t == t, sin~= "\/1-t , d 4) = - 2 -Vt (1-t) 
dt 
' 
combining terms and interchanging the limits_ of integration, we 
obtain: 
j l ( k • 1) ( 2 - k) [ 4( k-1) -]- 1 
X) + 1- t { k2 k2 . 
. t-· 
_ (k2-2k+2 [ l _ 4(k-1) t]- 2 d T 
k3 k2 
This integral :tnay now be evaluated by means of Gamma functions, 
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'. 
similar to that used in integrating the absolute term in the·: 'expression 
for the,:.,IN-Function previously . 
., . 
Using Equations (61) and (62), we integrat~ Equation (73) to 
obtain: 
-· (k2-.2k+2) F(2 2 5-k· 3-k· 4(k-l)) 
k3 . I • I I k2 
Using the transformation formulas as before, we transform the hyper-
geometric function terms in the above expression to more rapidly 
! 
• • converging se_r1es. 
Thus we obtain: 
\"'(2. 5-k) Yff 
t (3-k) 
_! (k-1)(2-k)(k2-2k+2)F(2 2 S-k· 2 5 . (2-k)2) +3 3 I• I• I k 
k 
+ ..! 2(k-l) [ k2 J 2-k 
2 k 4(k- l) 
- (~:~~~;2> F(l-k; 0. 5; -0.5; (2~1) 2) (74) 
• • I 
:f4 :-___ .: 
which is th~ final expression for II(a)· 
(b) Integration along the branch cut from - m to -a, II(b) 
Along this branch cut, which lies along the nega-
tiv.e- ·:teal.: axft;1,. ·we have: 
- ao <t < -a. 
t3+( k2- 2k+2 )at2 
II(b) = ~· £: 2V2ak-1 +(3-k)a2t-(k-1)(2-k)a3 sin2a dt 










Simplifying, and combining terms, we obtain: 
Il(b) = -i V2 t cos(k-1) ff + i sin (k-1) ff] sin2 a 
l k 2 3-2k [(k-1)(2-k)t3-(k2-2k+2) t+l] X -r·.. ( 1- t ) d t 
o · [1+(k-l)t] 2 [k-1+ t] (75) 
(c) tntegration along the branch cut from -a to - 00 , II(c) 
This branch cut also lies along the negative real 
-axis. We have: 
-a >· t > - ao 
t3+(k2-2k+2)a 
. i .i.ao 2v2ak-1 +(3-k)a2t-(k-1)(2-k)a3 sin2a II( ) = -/ . dt C 2 -a 
t3-k[t+a] 2k-3[t-(k-l)a ]2 [t(k-1)-a] 
:_3.5· 
. ., . :;.~. . 
,. 
~ 
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·" 
Subst~: 








Proceeding as noted previously, we obtain, after substitution, simpli-
fying and combining terms: 
ll(c) = -1v2 [ ~cos(k· l) 11 + i sin (k-1) 11 ] sin2a 
· 1 1l- _ 2 · 3 2 k [ ( k-1) ( 2 -k) t3 -( k2 - 2 k+ 2 )t + 1] x / r· (1-t)- · dt 
0 [l+(k-l)t]2[k-l+t] · (76) 
(d) Integration along both brand cuts; II(b) + II(c) 
Cotnbirting Equations (75) and (76), simplifying and 
expanding into partial fractions, we obtain: 
[ l _ T J 1 1-k 
k3-4k2+8k-6 1 
- k(2-k)2 [l-(1-k)t] 
dt 
-, 
. k2 - 2k + 2 - . ] -2 
- (k-1) (2-k) [ 1 - (1,-,k) t 
I. 
(77) 
Integrating Equation (77), using Gamma and hypergeometric functions · 
as before, we obtain: 
..... - ··-




t (k-1) f (4-2k) 




+ k(k-1)(2-k)2 F (l., k-l; 3-k; 1-k) 
- k3-4k2+8k-6 F (1 k-1; 3-k; 1-k) 
k(2-k) 2 ' 
k2-2k+2 
- (2 -k)(k- l) F (2., k-1; 3-k; 1-k) 
I 
) 
Transforming to more rapidly converging hypergeometric functions 
and noting that: 
sin (k-1) - I ff -
- -, -( k-) ,-(-1--k-5 
' 
we obtain: 
~ ( 4-2k) . 2 1 
II(b) + 11(c) = 21rv2(t(2-k)]2 sm a k-1 
+ k4-sk3+14k2-14k+6 F (1., 4-2k; 3-k; l) 
k2(2-k)3 V k 
- k3-4k2+8k-6 F (1, 4-2k; 3-k; 1 - _!) 
k2(2-k)3 k 
k2-2k+2 1 
- F (2 4-2k· 3-k· 1 - -) 
k2(2-k)2(k-1) ' ' ' k 
which is the fitial expression for II(b) + Il(c). 
As before; the integral from -1' to +1r at infinity doet;1 not contribute 
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.;. .. -~- 1 , ... ; 
~ 
(e) Total Integration of the sin2 a term 
We see from Sections III. 3. d(2)(a) through III. 3. d(2)(d) 
that the sin2a terlll of the N-Function in Equati0n (56) may be determined 
completely by means of the Gamma function and the hypergeometric 
series. That is: from Equation (72) for the sin2 a term: 
N(sin2a = II = II(a) + II(b) + II(c) 
ter·m) 
(58b) 
where Il(a) and ll(b) + II(c) are given by Equations (74) and (79) in terms 
of the Gamma and hypergeometric functions. 
(2) The sin 2a Term, III 
Consider the sin 2a term in Equation (56): 
N(sin 2a = lll = 
term) 
= .!. 1 v2 k-1 [t+ ... i4-2k [t2-(1+2k-k2)at+(k-1)(2-k)a2]sin:2ad 2 (c) a ~ I) - t 
t3-k [ t-(k- l)a] 2 [ t(k-1)-a] 
This integral may be evaluated by a method similar to that used on the 
absolute and sin.2a terms. 
Proceeding as before, we find: 


















IV. CALCULATION OF THEN-FUNCTION 
AND AIRFOIL PARAMETERS 
The resuits of the previous development for the evaluation of the 
N-Function for the Symmetric Joukowski Airfoil arid the Airfoil Skeleton 
\ 
are now used to calculate the value of the N-Function for actual examples 
of the two airfoils. 
The calculated values of the N-Function for the two types of air-
foils are then compared, along with the N-Function for potential flow 
about a circular cylinder with circulation, to determine the relationship 
between the value of the N-Function and the pressure distribution of the 
airfoils. 
The NACA 63-010 Basic Thickness Form has been chosen as a 
standard with which to determine the parameters ( £ and k) of the two 
airfoils being considered, and as a comparison to evaluate the per-
formance of the Symmetrical Joukowski Airfoil and the Airfoil Skeleton. 
I 
The NACA 63-010 Airfoil was chosen as a standard because tabu-
lated values of the airfoil parameters (coo;tinates. pressure coefficients 
for different angles of attack, and leading edge radius of curvature) 
were .available. 1n addition, this airfoil also had approximately the 
value of the thickness ratio that was desired for the comparison. The 










the upper and lower airfoil surface are tabulated· in Table I at t.he- :encl :pf· 
this section. The pressure distribution is shown in Figure 2. 
The N -Function is calculated for the follow~ng airfoils: 
1) A Symmetrical Joukowski Ai~oil with the same thickness 
ratio as the NACA 63-010 Airfoil. 
· 2) An Airfoil Skeleton with the same thickness ratio as the NACA 
63-010 Airfoil . 
. l. Symmetricai Joukowski Airfoil With Same Thickness Ratio as the 
NACA 63-010 Airfoil (lOo/o) 
From Equation (99) in the Appendix, we have: 
2yn1ax = 1 + 3t + ff' - '1 - £ 2 + £ 4 sin Q 
m C 2 [1+£] 
where 
2
Ycmax is the thi1_kness ratio, and 9m is the angle of maximum 
,1;> 
thickness. 9m is detertnined by Equation (96): 
n f 1 • £2 + £ 4 - 1 + £ - £ 2 cos "tn = 
2 £ 
• 
The thickness ratio of the NACA 63-010 Airfoil is 1oo10 or 2 Y maxi J(_ .·. C NACA 
Substituting we find:/ £ = o. 0771 = O. lO 
But, t= 1 b 
- -
Therefore £ = :-Q·. ·922-e. ' 
.. . 








From.-Equation (98), for 9m above·, we find that the maximum thickness 




The coordinates of this airfoil profile are given by Equations (94) and 
(95) in the Appendix, They are: 
X _ ( 1 + £) ( 1 + COS Q) 
C - 2 (1+2e cos 9 +e2) (1 +t cos Q) 
= (O. 5386) (l + cos~Q) (1 + o. 0771 cos 9) 
1. 005944 + o. 1542 cos Q (81) 
and, 
X.. = ( 1 ~ .&:) ( 1 + cos, Q) e: sin 9 
C 2( 1 +2 £ COS Q + £2) 
_ (0. 5386) ( 1 + cos Q) 
- 1. 60.5944 + O. 1542 cos 9 (O. 0771 sin Q) (82) 
The values of! and I as given by Equations (81) and (82) are tabulated 
C C 
in Table II and plotted in Figure 3. 
The minimum radius of curvature for this airfoil is given by 
Equation ( 100) in the Appendix, which becomes: 
Rmin = 2 ,2 = 0 01187 
C i +3 £2 • 1 
which is the radius of curvature of the leading edge. 
41 
/ 
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/ /~ . 
The pressure coefficient, P(Q) is given hr Equation (101) in the Appendix. 
' --.::::/ 
P(Q) = 4V2((sin(l+a)cos !]2(1+2t cos 9 +t2)2 
( 1 + cos 9) [ 1 - 2 t + 2 &2 - ( 1 - 2£ ) cos 9] 
which becomes: 
~=· 
4V2 [ sin(~+a)cos ! ]2 ( 1. 005944 + o. 1542 cos 9)2 
P(Q)= ...,.4(~1-+---co_s_9_)_(0-.-8-57-7-----0.-8-4_5_8_c_os~Q)~----.---- (83) 
The pressure distribution given in Equation .(83) is tabulated in 
d plotted in Figure 3 for a= o0 and a = O. 912° (which corres-
ponds to a lift coefficient of o. 1 for the NACA 63-010 Airfoil). 
The N -Function iri liJquation ( 46), 
N = 2 1rV2 1 -12 ~+ .!t+ sin2 a[2 +!! ~+ (2b-a) E:+ b4 J 
8 a2 a3 8 a2 (a-b) a3 aa2(a-b)2 
(46) 
reduces to: 
N = 2 ,r\72 [o. 1891 + 29. 179 sin2 a] (84) 
-
For a= 0 
N = 2 1rv2 (O. 1891) = (O. 3781) 1rv2 (85). 
-
For a= 0 + Oi S12o I 
-
N = 2 nV2 (O. 1965) = (0. 3929) 1rV2 .. · .f8;6J 





























2. Airfoil Skeleton With The Same Thickness Ratio as The NACA 
63-010 Airfoil (lOo/o) 




where · is the thicknes·s ratio. C _; 
9 is determined by the iteration formula in Equation.(109): 
(3-k ) k-1 cos 2 9m) = (k-1 cos ( 2 8m), 
The thickness ratio of the NACA 63-010 Airfoil is lOo/o or 
2Ymax I 
c NACA = 0• lO 
Substituting into the above equation for the thickness ratio and using 
the iteration formula, we find: 
k = 1. 882 
and 
7 ' 0 9m = a. 742 
for which, 
X9m 





The coordinates of the airfoil are given by Equations (107) and (108) in 
. 
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Y.. = (cos l>k sin (1 - ~) g 
C 
-
= (cos }>1• 882 sin (0. 059Q) • (88) 
The values of! and l in Equations (87) and (88) are tabulated in 
C ,, C 
Table Ill and plotted in Figure 4. 
The minimum radius of curvature is given by E·qu·:atfon (112) in the 
Appendix, which becomes: 
Rmin = (2-k)2 . = o. 007344 
C k2 - 3k + 4 ' 
which is the radius of curvature of the leading edge. 
This minimum radius of curvature is only slightly smaller than the 
minimum radius of curvature of the NACA 63-010 Airfoil. Hence, no 
attempt was made to develop similar data for an Airfoil Skeleton with 
the same leading edge radius of curvature as the NACA 63-010 Airfoil, 
as had originally been planned. 
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,{-, 
26-k·sin2 (~ +a) (cos ~)4 - 2k 
P(9) = · 2 2 
' 2-2k + k2 - 2(k-l) cos Q 
which becomes: 
2.236 2[. g QJ2 P( 8) = 2 . V sin <2 +a ) CPS 2 
[ . Q]l.764 ] cos 2 [ 1. 7779 - 1. 764 cos Q (89-) 
The pressure distribution given by Equation (89) is tabulated in Table 
III and plotted in Figure 4 for a= o0 and a= O. 912°. 
Fork = 1. 882, the N-Function in Equation (57) as evaluated by 
' 
Equations (58); (72) and (80), reduces to: 
N = 2ft V2 [ O. 1654 + 42. 9506 sin2 a] (90) 
For <;l = 0 
N = 2 1rv2 <o. 1654) = <o. 3308) 1rv2 
For a= + O. 9120 
N = 2 rtV2 (O. 1763) = (0. 3526) 1rv2 
· (92) 
-
for, 2Ymax I _ 2Ymax I 
c Skeleton - c NACA 63-010 
3. Relationship of The Absolute and Sin2 a Terms in The N-Function 
As an additional comparison between the N-Functions calculated 
above, the N -trunction for a Symmetrical Joukowski Airfoil with the 
~ 
same leading edge radius of curvature as the Skeleton Airfoil with the 




. ··- ',. ... -, ~ ... -._"'(, 
comparison between the N-Functions for the two different airfoils for 
. 
the same leading edge radius of curvature. 
That is; we evaluate N for: 
Rmin I '. = Rmin 
c Joukowsld. c Skeleton (for lOo/o thickness ratio) 
From the exp:ression,fo:r Rmin of the Airfoil "skeleton evaluated above: 
C 
Rmtn = O. 0073 
c Skeleton (for lOo/o thickness ratio) 
But, from ~qua.tion (100) in the Appendix: 
= 2£2 
Joukowski 1-3£ 2 
from which, £ = O. 0603 
or b = 0 9397 
- . 
il 
Hence, from Equation (46): 
= o. 0073 
N * 2 ,rV2 [o. 1741 + 44. 3744 sin2 a] 
for a = 0, this becomes: 
N = Oi 3482n y2 
-
and for a= + O. 9120, 
-





By comparing the results in Equations (87), (88) and (89) with the 
correspondirtg relations for the other Joukowski Airfoil and the Airfoil 









closely related to the velocity potential of the flow about the parti-
cular type of airfoil for zero angle of attack and that the sin2 a term 
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NACA 63-010 BASIC THICKNESS FORM* 
Pressure 
x y Coefficient 
I (percent C) (percent C) a = 0 
100.0 o.o o. 0 
99.5 0.829 0,841 
99.25 1.004 o. 978 
98.75 1.275 1.037 
97.5 1.156 1. 131 
95.0 2.440 1. 193 
92.5 2.960 1.223 
90.0 3.aa2 1.245 
85.0 3,994 1.270 
80.0 4.445 1.285 
75. 0 4,763 1.296 
,;_, 
70.0 4.938 1,302 
65.0 5.000 1.299 
60.0 4.988 1.286 
55.0 4.166 1.262 
50.0 4i496 1.231 
45.0 4.140 1. 193 
40.0 3,715 1. 154 
35.0 a.234 1. 113 
30.0 2,712 1.069 
25.0 2,166 1. 025 
20.0 1,618 o. 979 
15,0 1.088 0.935 
10.0 0,604 0,893 
5. 0 Oi214 0.853 






























































*Reference page ~34, }\eport No. 824 "Summary of Airfoil Data" 'i 






TtIE SYMMETRICAL JOUKOWSKI AIRFOIL* 
: y 
.. 
I Pressure Pressure I I 
Pressure 
. Coefficient Coefficient ' II ~ 
Coefficient a = O. 912° = Oo 912° - I X y a (percent C) (percent C) a = 0 Upper Surface Lower Surface 
11 
, I 
', 100.0 o.o o.o 0.057 0.057 
99.833 o. 6'23 0,339 0.648 0.137 
99.333 1.236 0.823 1.150 . o. 551 
I11 98.503 1.829 1.116 1. 402 0,863 I 97.346 2.394 1.270 1.509 1. 051 
95.773 2, 917 1.375 · 1. 548 1.161 
94.082 3.400 1.390 1.559 1.229 
86.951 4.495 1.403 1.512 1.296 
77.464 4,980 1.359 1.424 1,275 
66.115 4,827 1.269 1.322 1.217 
53.537 4. 128 1.180 1.217 1. 142 
40.495 a.o77 1.091 1. 118 1.064 
27.873 1. 936 1.011 1.029 0.992 
16.628 0.959 0.943 0,956 o. 931 
7, 718 0.319 0.893 0,901 0,885 
1.981 0,043 0,862 0.865 0.080 




\" - I 
ii 
*Obtained frotn Symmetrical Joukowski Airfoil geometry for 1/,, 
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TABLE III 
THE AIRFOIL SKELETON*. 
Pressure 
Pressure Coefficient 
Coefficient a = o. 912° 
(percent C) (percent C) a = 0 Upper Surf ace 
100.0 o. 0 o. 0 0.086 r\ 99. 820 o. 514 0.434 0.808 
<___ _ 99. 280 1. 022 0.878 1.226 
98.384 1. 520 1. 082 1.359 
97.140 2. 001 1. 176 1.398 
95.554 2. 460 1.245 1.402 
93.640 2. 894 1.251 1.403 
86.064 3. 991 1.276 1.376 
76.134 4. 710 1.271 l .• 341 
64,491 4. 991 1.251 1.303 
51,863 4. 812 1.221 1.260 
3 9. 065 4.240 1, 181 1.209 
26. 924 3. 344 1. 128 1. 148 
16.244 2. 273 1.060 1.073 
7.764 1. 209 o. 967 0.975 
2. 135 o. 366 0.823 0.826 
o.o o. 0 o.o 
,. o.o 
*Obtained from Airfoil Skeleton geometry for k = 1. 882. 
:r-:-
50 
-,,r:,, ,-,,.. • • • - ~; 1""•-- • 
Pressure 
Coefficient 
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Pre€iSure Distribution For T.he NACA 63-010 Airfoil 
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FIGURE 3. P~essure Distribution F·or The Symmetrical Joukowski 
Ai:rfoil 
Pressure· coefficient vs % chord lengt};l. 
For b = O. 922,9 ( , = o··. 0771) -
-a 
..... q,.,;, .•... " 


































. · ... .. . 
. . .- . ' ... . . . . . 
1 
•_; - I 
' . (a - t • 912c ) 
-
. . 
upper surfE ce -
- t a 
-
-
' ~ - ~ 





20 40 60 80 100 
Percent of Chord Length, ! x 100 
C ) ~ X . 
·:.:. --Note: Data obtained by setting thickness ratio equal to thickness 
ratio of NACA 63-010 airfoil (lOo/o). 
FIGURE 4. Pressure Distribution For The Airfoil Skeleton 
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V. · COMPARISON OF THE 
'PERFORMANCE CHARACTERISTICS 
···.· ... ,_,_.\. .. -,· ' 
The velocity or pressure distribution along an airfoil surface is 
an indication of the performance characteristics of the airfoil. 
The knowledge of this pressure distribution over an airfoil is 
desirable for structural design and for estimation of the critical Mach 
number and moment coefficient. The pressure distribution also exerts 
a strong or p:reddtninant incluence ·on the boundary-layer fl.ow and, 
hence, on the d.irfoil chat-acteristics. The pressure distribution has -/7 . 
a determined irtfitience on the separation of the boundary layer. There-
fore, it is advisable to relate the airfoil characteristics to the pressure 
distribution rather than directly to the airfoil geometry. 
Ideally, the pressure distribution should remain constant ovet' 
















O l>etcent of chord length, ~ x 100 100 
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The deviation f.rom this uniform pressure distribution is an 
indication of how good the airfoil is, or a measure of the airfoil's ' 
performance. That is, an airfoil exhibits ggod perfqrmance character-
,/ 
istics for a uniform or almost uniform pressure distribution . 
. 
One measure of this deviation is the maximum value of the pres-
. 
sure coefficient divided by the average value of the pressure coefficient, 
p 
max . Hence, this is a characteristic\of the performance of the air-
Pavg 
foil. Since the average values of ~he pressure coefficients for the two. 
airfoils investigated are approximately the same, the maximum value 
of the pressure coefficients alone is a characteristic of the airfoil. A 
low value of the pressure coefficient indicating a good airfoil, and a 
higher value indicating a poorer airfoil. 
A decrease in the absolute value of the pressure coefficient 
favors separation of the boundary layer and induces drag. Hence, such 
a decrease is an indication of a poor airfoil. 
Hence, from the above, we find that we have at least two quanti-
tative methods and one qualitative method of evaluating the performance 
characteristics of a given airfoil from a knowledge of the pressure dis-
tribution. Th~refore, we may say that a good airfoil is indicated by: 
1) Uttifor-tn pressure distribution. 
2) No sharp decrease in the pressure coefficient. 
5'5 
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3) Low value of the maximum pressure coefficient (where the 
average values of the pressure coefficients 1 of any airfoils · 
compared are equal). 
All of these methods of e,ruuation can be determined from a 
j j ...c _____ 
knowledge of the pressure distribution of the airfoil. For the purpose 
of comparing the performance characteristics of the two airfoils being 
i11:vestigated, the pressure distributions along the airfoil surfaces of 
the Symmetrica1 Joukowski Airfoil, the Airfoil Skeleton, and the NACA 
63-010 Airfoil have been plotted for different angles of attack. Figure 
V represents the pressure coefficient along both upper and lower sur-
faces of the airfoil at zero angle of attack. Figure VI and Figure Vll 
r~present the pressure. coefficients at an angle of attack of 0, 9120, 
along the upper surface and the lower surface respectively. The pres-
sure coefficients for the NACA 63-010 Airfoil were determined by 
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COMPARISON OF PERFORMANCE-CHARACTERISTICS OF THE 
SYMMETRICAL JOUKOWSKI AIRFOIL AND THE AIRFOIL SKELETON 
Characteristics of 






No sharp de· 








Poor. The pressure 
distribution decreases 
more sharply along 
this airf g}l. 
Poor. Decreases 
sharply near lead-
irtg edge of airfoil. 
a = 0 
P max = 1. 4025 
· a = O. 912° 
upper surface 
Pmax = 1. 5590 
lower surface 




Good. The pressure 
distribution is slowly 
decreasing or nearly 
constant along approxi-
mately 60o/o of the airfoil. 
Good. Constant along a· 
large portion of both 
surfaces for a = 0; and 
along the lower surf ace 
for a=a912oo Not as 
rapid a decrease on the 
upper surface at a = O. 912d 
as Joukowski Airfoil. 
a= 0 
Pmax : l. 2761 
a= O. 912° 
upper surface 
Pmax = 1. 4033 
lower surf ace 
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A qualitative evaluation of the airfoils investigated by means of 
comparing their pressure distributions along the airfoil surfaces 
'· from Figures 5 j 6 and 7 and a quantitative analysis of their maximum 
pressure coefficients determines that the Airfoil Skeleton exhibits 
better performance characteristics than the Symmetrical Joukowsld 
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Surface 
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Tabulating the values of the N-Function obtaine in Section IV. and 
the maximum pressure coeffic~ents from Section V, we have: 
TABLE V 
Maximum Pressure 
·a: C oeff:f.c ient N-Function 
.. ' 
Symmetrical 
. -.... .. -.· 
Symmetrical. 
fl JoUkowski Airfoil Joukowsld 
Ait'foii Skeleton Airfoil 
o·.,::,. o· 1. 4025 1.2761 o. 3781 ,ry2 
a·= O. 912° 1.5590 1.4033 o. 3929 ,ry2 
As a comparison: 
For the cii'cll1ar cyi'inder with circulation 
a :: 0 
Maximum pressure coefficient = 4 
N-Function = 2 1r v2 
Airfoil 
Skeleton 
o. 3308 1rv2 
o. 3526 1rv2 
Note from 'table V that a relationship exists such that the airfoil 
with the highest Value of the pressure coefficient has the highest value 
of the N -Function for a given angle of attack. 
But as We have seen in Section V, the higher pressure coefficient 
is indicative of poorer performance characteristics of an airfoil than 
62 
. ·_ :, -:r.·-,- , .. 
-' 




for an airfoil with a lower pressure coefficient (for the two airfoils 
COIDJBred). 
In particular, the N-Function of the Symmetrical Joukowski Air-
foil is greater than the N-Function for the Airfoil Skaeton at the same 
angle of attack. Further, it has been shown that the Symmetrical 
~ . 
Joukowski Airfoil does not possess as good performance characteristics 
as the Airfoil Skeleton. 
Therefore, it is seen that the value of the N-Function is indicative 
of the performance characteristics of an airfoil, with a better perform-
ing airfoil having a lower value for the N -Function. 
Hence, it can be stated t}J .. at the N-Function is indeed rel~teo to 
' 
the pressure distribution and other airfoil properties of interest to 
engineers and that the value of the N-Function is a measure of .th.e .. ,p·er'~ 
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., VII. APPENDIX 
1. Geometry and Flow 
(a) The Symmetrical Joukowski Airfoil 
Generating circle: 
t = aeiQ 
Mapping function: 
Notation: 
£ = 1 ·b. 
---· a 
a real, --·1r :<.: g: ~ :-f tr. 
to·~-- · =· ·-o:.: ·w· · ·e .ha\r·e .a· flat airfoil 
.I." e:. ,. . .. . . . . . . 
L-
for £ = 1, we h~y~: :-a circular cylinder 
'(1) Chord Length, c 
. Substituting Equation (90) into Equation (91) 
·g b2 
z == X· + iy = ae1 + b + a + · · 
· aeiQ + a - b 
which may be solved for x and y. 





Substituting t= 1 ~ b in the expression for z, and solving· 
a 
for x: 
X = [ cos 9 - £ + . £~cos 9 (1-£)2] a 
1 + £ + 2£ cos 9 I 
~-









. lJ1 ~ 
I 
I ~ 
- ~ -) 
'f· ... ,,c..,.._, ~ ..... ·-~ ~- --------~w,.;IPIH'~"t'M'~~A~fil.a;W,"i;"i~-:tr.;;~))'--~:;·r4);:'~.·r~·t;~?)"')'.: ... ("~~!)1t't,t :;::-_, ... ~. ··~·~":.~ .... ~'\'1'-;t~~~;:J I ,:--,.,: 0 r.i:'c"Jif."•i/'~! --.;\f' ," ;·~,·J··' ,, \ ' ;., '' I:. ,.-r. ,., ' J, ·~ ·, ," ~' ',. ' j ' 
.... -· '' .. ( - . '.'.',·' .. , 
Now, for the Symmetrical Airfoil, the chord length, c., is the 
'· 
~ 
difference between the maximum value of x and the minimum value of x. 
'· 
That is: c = Xmax - xmin = x ( 9 =· Ol - x ( 9 == ir ) 
X = X ( Q = 0) = 2 ( 1 - :~ _:) ·a, . 
max 1 + e. -... 




C =· l +:·~- a :(9'3') 
. . 
(2) Abscissa and Ordinate in percent of c, ~ and l.. 
C . c= 
In terms of t, 
! = 1 + t ! = 1 + £ [ ei9 + 2 - £ + (1 -£)2 J 
c 4 a 4 eiQ + £ 




[ 1 + ._t] [ 1 + cos 9] !=Rn[~]= · [1+tcos9] 
C- C 2 ·[ l + 2 £ COS g + £ 2 ] :,{·94) 
and: 
~=Im[~] = 
[1 + tl [ 1 + cos 9] 
£ 
2 [ 1 + 2 ecos g + £ 2 ] 
sin 9 
{ .. 9:5J 
(3) Angle gm for 'l = Ymax 
C C 
For I = Ymax 
I 
d (l) _ O 
C -






. ' . 
. '· 
Differentiating Equation (95} and setting the: .derivativ.e e·qual to zer9, w.e·· 
obtain: 
f1 - £2+ £4 -1+£-.£::2 
cos em·= 2 £ 
X9m (4) Location of the Maximum Thickness, __ 
C 
The maximum thickness is located at the point! corres-f . C 
\.. 
ponding to the angle of maximum thickness,. 8m. That is: 
X 
9m = x I 
C C_ 8 = 9m 
where, from Equation (94): 
xgm :[1 + £] [1 + cos 9m] 
------------ [1 +t cos 9m] 
2 [1 + 2£ cos gm +t]2 C 
and cos 9m is obtained from Equation (96). 
Hence, 





where 9m is the distance from the origin of the coordinate system. 
C 
In terms of the distance from the leading edge, ! , 
C 
~ (9 = 0) - ! (9 = 9m) X _ a a 
- -






.~ ~ 'f I 
,, .. , 
(5) The Thickness Ratio, 2Ymax 
C 
The thickness ratio is twice the value of maximum ordinate 
divided by the chord length. 




1+ 3£+ ff' ~1-e2+e4 
= sin g·m 
2 [1 + t] 
,,,.here gm is obtained from Equation (96). 
(6) The Minimum Radius of Curvature, Rmin 
C 
The minimum radius of curvature occurs at the leading 
edge of the airf oi1 and is given by: \ 
where: 
and: 
~f I ft tr °i• 
R= 
[ f" ' •"] Im ft t + t' 
t = f ( g) = t = aeiQ 
b2 f = f (t) = z (t) = t + b ~-:-a+-. --
t + a - b 








R = _ 1 +t t<1+cos 9) 0-2 t+2 £2-(1-2£ )cos 9)] 1. 5 
C 2 £ 2(1-2t)cos39-6t2cos2g 
-3(1-e +· t2+t 3)cos 9 -1-£ +3 t-2-3 e'3 
For the minimum radius of curvature: 
9 = o0 
and: 
Rtnirt • 2 e2 
-
C 1+3 £2 
at the leading edge .. 
(7) Pre!lstire Coefficient, P(9) 
/ 
(100) 
The pressure, p, is directl~ proportional to the square of 
the velocity. That is: 
p • q2 
But, C: dw - . q2 dw dw dw dt dt .· -- - - - . . . . '' . - -
dz - - -dz dt dt dz dz ' )' 
Hence: 
- -dw dw dt dt 
P(9) = dt di" ~ di, where P(9) is the pressure coefficient, 
Using the valuel:I of~. .§, ~, and~ from Equations (22), (23), (25), 
- -d t d t dz dz 
and ( 2 7) in Section lll. 2. b, we obtain: 
2t I ~ !]2 2 2 P(Q)' = 4V sirt(2+a)cos 2 (1+2£ ~os 9 +t ) 
(l+cdS S) [1-2 t+2 &2-(1-2 t)cos 9] 
.(101) 








Which reduces to: 
' 
v2 sin2a (1+2£ cos 9+e;2) 2 
P(e) = (1+c9s 8) [1-2&+2& 2-(1-2&)cos 9] · 
,l' 
(102) 
for a= 0 
At the trailing edge, P(9) reduces to the limit value of:·-
P(9) = ~ V cos a 
a (.:10::3~) 
. . 
f8) App~oximate Values of the Parameters 
Since the problem of determining the proper value of£ for · 
a desired value of one of the parameters is at least somewhat difficult, 
the following approximations are presented. These approximations aid 
in determining £ for desired values of the parameters. The approxima-
tions were derived by Professor de Neufville in the course of his support 
of this work. 
1 3 [ cos Qtri = 2 - 4 £ .. 1 _ .!. £2 - l t4- _!_ £6 + 5 £ 8 4 8 64 128 
. 1 [ 1 _1 2 1 3 1 6- 5 7 5 a sin 9tn = 2 v'3 1 +2 £ 2 £ +a £ +Ts£ 128 £ + 128 £ 
7 9 1 
- 256 £ • ' j 





(b) The Airfoil Skeleton 
Generating circle: 
t = aeiQ 
Mapping function: 
.. 
.a. :r.~~l, - 1r < 9 < + 1r 
•. 
z = [ 1 + f ]k t - ka 
l<k=2-_!_< 2 
11' 
t· = trailing edge angle 
limit·s for k, 
k = 1; z = t = identity 
(.:l 04): 
2 
k = 2; z = t + ~ = 2 a cos 8 = flat airfoil. 
( 1) Chord Length, c 
Substituting Equation(104) into Equation(l05) and solving 
for z: 
1 9 k k . l 
z = a j [ 2 cos 2] [ cos (1 - 2> 9+i sin(l - ~g ]-k ~ 
.. 
from which: 
. 9k k' 
x = Rn (z) = a (2 cos 2) cos (1 - 2 )8 - ka 
Chord length = c = Xmax - xtnin = x (9 = 0) - x (9 =1r ) 
Xmax = x (9 = 0) = a (2k - k) 
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. . x .. (2) Abscissa and OrdinaJe in, percent of c~ p arid~ 
From above: 
9 k k x=a(2cos 2 ) cos(l- 2 )9 
y = Im (z) = a (2 cos.;) k sin (1 -Jl8 
Dividing by c,. 
X . · 9 k k) :~: =· (cos -2 ) cos ( 1 - - 9 C 2 (:tt>7.)= 
.t = (cos ~)k sin (1 - ~)9 
c· 2 2 
-
(3) Angle gm for l. = Ymax 
C C 
For l = Ymax 
C C 
' d (~) = 0 
d8 
Differentiating Equation(l08) and setting the derivative equal to zero, 
we obtain the iteration formula: 
( 3~ ) (k-1 cos 2 9m = (k-1) cos 2 
(108) 
(109) 
from which 9m may be found for specific values of k, by the iteration 
method. 
(4) , . xg Location of Maximum Thickness, _ m 
C 
The maximum thickness is located at the point~ corr·e··s·~, 
C 
ponding to the angle of maximum thickness, 9m. 
,. 
J 




where 9m must be found from Equation (109) for the appropriate value 
of k •.. 
2Ymax (5) The Thickness Ratio, 
C 
The thickness ratio is t 1wice the·'valu:_e· of the maximum 
ordinate divided by the chord length. 
The ordinate is a maximum for: 
Y ~ y (9 = 9m) 
Hence: 
(111) 
where 8m must be found from Equation (109)for the appropriate value 
of k. 
(6) 'the Minimum Radius of Curvature, Rmin 
C 
The minimum radius of curvature occurs at the leading 
edge of the airfoil and is given by: 
where: 
and: 
./ f t ft t t -:; I lt = --'.----V/--
lm [f" t' + .t..J f' t' 
t = t ( 9) = t = aeiQ 

























From which can be obtained: 
R_ (cos~)k.-l (k2-4(k-l)cos2~J 1· 5 
-- - 2 2 C 
(2.,k) [k(k+1)-4(k-1) COS2; J 
For the minimum radius of curvature, 
Q = 00 
and·: 





= k2 _ 3k + 4 at the leading edge. 
(7) F1:ressure Coefficient, P(8) 
From section VII. 1. a. 7, we have: 
{112) 
-h("') = _dw dw -r " - d t ~ , where P(9) is the pressure coefficiettt. 
- -d t d t dz dz 
1---- ., 
Using the vaities of dw, dW, ~, and~ from Equations (22), (23), (48),/ ,_ 
dt df dz dz // 
and (50) in Section III. 3, b, we obtain: 
26 -k sin2 (~+a) (cos ~, 4- 2k P(e) = 2 2 
[ 2-2k + k2 - 2 (k-l)cos e] 
where a= angle of attack 
which reduces to: 
4 v2 sin2 8 
P(9) - g 
-2 · 
- (2 cos i2k-2 [2-2k + k · - 2(k-l) cos 9] · 
for a = 0 













NACA Report No. 824, Summary of Airfoil Data, 31st Annual 
Report of the National Advisory Committee on Aeronautics. 
C 
Milne-Thompson, Theoretical Hydrodynamics, 4th Editi.on, 
Section 19. 21. 
Milne-Thompson, Theoretical Hydrodynamics, 4th Edition, 
Equation 5. 43(1). 
Magnus and Oberhettinger, Formulas and Theorems for The 
Functions of Mathematical Physics. 
--------------
Magnus and Oberhettinger n Formulas and Theorems for The 
Functions of Mathematical Physics, page 4 . 
• 
Magnus and Oberhettinger, Formulas and Theorems for The 
Functions of Mathem~tical Physicse page 8. 
Magnus attd Oberhettinger, Formulas and Theorems for The 
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